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Lagrangian particles in turbulence

A suspension of Lagrangian fluid particles:

X=u
ou+ (u-Vyu=-Vp+vAu

One-point, two-times statistics
Lagrangian velocity increments: dv,(t) = ([v(t) — v(0)] - £/¢).

Two-points, one-time statistics
Pair separation: R(t) = (| X1(t) — X2(?)])-

Many-particle statistics
Triangles, thetraedra evolution.
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Behaviour in hydrodynamical turbulence

If 5,v ~ rf, with the classical Kolmogorov scaling h = 1/3 we expect:

Lagrangian velocity increments
Ve(t) ~ SUE(X(L)) ~ tT5:
Svy(t) ~ t1/?

(Obukhov, 1941)

Pair separation
R(t) ~ t75:

R(t) ~ 13/2
(Richardson, 1926)
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2D convection in Boussinesq approximation

Buoyancy forces on a fluid parcel:

ou+ (u-Viu=-Vp+vAu+ pig
av

V-u=20
T 4+ (u-V)T = kAT

p = pav[l — B(T — Tav)]

Ow~+ (U-V)w =vAw — g x VT Vxu=w
00 + (u- V)0 = kA T=Ty—-Tz+86
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Bolgiano—Obukhov theory of turbulent convection

Below the Bolgiano scale /g
buoyancy forces can be neglected

log <8 7>

lg— (U-V)w= p3g x Vo
lg = (Bg) %2/ e, %"

How do velocity increments scale in e ®
the Bolgiano range (¢/g < r < Ig)?
{ S,UPr—2 ~ 3go,0r! InK41 h=1/3
8;0%r-185,u~ ¢ = E(K) ~ -5/3
§U A~ (6g)2/5e;/5r3/5 InBO h=3/5
{ ort) ~ (59)71/565/5’1/5 = E(k) ~ k= "/®

Single-particle dispersion in turbulent convection

A.Bistagnino



Bolgiano—Obukhov theory of turbulent convection

Below the Bolgiano scale /g
buoyancy forces can be neglected 10?

E(K)
=

lg— (U-V)w=pgx Vo
1o = (0) 52 ;"

How do velocity increments scale in 1
the Bolgiano range (¢/g < r < Ig)?

S,UPr=2 =~ Bgo,Hr! InK41  h=1/3
8:0%r-185,u~ ¢
= E(k) ~ k=573

{ Sru ~ (Bg)2/Sel/5r3/5 INBO h=23/5

_ 2/5
ort) ~ (ﬁg) 1/569/ r1/5 - E(k) ~ k—11/5
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Turbulent one-particle dispersion |

Lagrangian velocity increments
ve(t) = ([v(t) — v(b)] - £/¢)

along a Lagrangian trajectory. At every
t we can see v(f) as the result of
contributions coming from all eddies.

The typical (turnover) time ) e
of an eddy of size r is: oL "
r 1_h Y v ¥

T(r)z(SE—uwr

if the Eulerian velocity
increments scale as r”.
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Turbulent one-particle dispersion |l

Small eddies (t > 1)
No correlation

Medium eddies (t ~ 1)

Large eddies (t < 7)
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Turbulent one-particle dispersion |l

Small eddies (t > 1)
No correlation

Medium eddies (t ~ 1)

. . 1
Their size scales as r ~ t7-n
Their contribution is

SV ~ Sev(r(t)) ~ r(t)! ~ t

Large eddies (t < 7)
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Turbulent one-particle dispersion |l

Small eddies (t > 7)
No correlation

Medium eddies (t ~ 1)

. . 1
Their size scalesas r ~ ti-n
Their contribution is

3V ~ Sev(r(t)) ~ r(t)! ~ 7

Large eddies (t < 7)

_ ov(t)

ov T

t+ O(t?)
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Turbulent one-particle dispersion |l

ov ~ orv(ty)t+ c(fp) ¢ Lﬁ

Small eddies (t > 7) Love 9 g=min(i, hh)
No correlation 1-
Medium eddies (t ~ 1)

, Kat: & %
Their size scales as r ~ t7-n h=1/3 2
Their contribution is Sv ~ t1/2 y K4l
5V ~ Sev(r(t)) ~ r(t)! ~ 177 o0
Large eddies (t < 7) BO: 2
ov(ty) > h=3/5 %
ov = I+ O(t =
ot () ov ~t

BO

log(t)
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Are inertial-range contributions invisible?

L0
Check: §v2 indeed scales as 2. o
:5 @
g 0.01
0.001 +

0.001 0.01 0.1
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Are inertial-range contributions invisible?

Check: 6v? indeed scales as 2.
Should we only care about large
scales? How to treat more than
smooth signals?
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<(6v/vL)2>

o
o
=2

0.001 +
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The spectrum of a smooth
signal decays at least
exponentially, while the 13/2
component gives an observed
w™* talil.

Single-particle dispersion in turbulent convection



Inverse statistics

Exit-time T,(d,): time for velocity o
fluctuations to grow from dv,, to §vp1. By

vp=p"vg (p>1) 3,
Analyzing T,(6v) we remove crossover ™

effects due to scale mixing.

T
T‘(Sv,‘) T@v,,)

Convective velocity fluctuations: 6v ~ t3/2 — T(5v) ~ §v?/3 |

All samples in T(év)
belong to the same =
scale

we can separate
contributions
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Moments of exit-times for velocity increments |

6v =0v(fp) t+c(tp)t?; g=3/2 e A
A VAYA AN
The scaling of exit-times moments? e 7 ¥ V)
- TP(6v) ~ dvP almost everywhere )
- TP(6v) ~ §vP/9 where d;v = 0 “t e

For 1 < g < 2 the first derivative of the signal is self-affine
(0 < g—1 < 1), vanishing on a fractal set of dimension

D=1-(q-1)

The probability of 9;v = 0 is thus equal to the probability of picking a
point at random on a fractal set of dimension D:

P(T ~ 6v'/9) ~ T1=D = 5y1-1/9
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Moments of exit-times for velocity increments |l

TP(6V) ~ 6VP + P(T ~ sv1/9) . §vP/q
P(T ~ é6v'/9) ~ gvI—1/a

TP(6v) ~ ovXP), x(p)=min(p,§+1-3). q

Il
roleo
S

A.Bistagnino Single-particle dispersion in turbulent convection



Moments of exit-times for velocity increments |l

TP(6v) ~ 6vP + P(T ~ 6v1/9). 5vP/a
P(T ~ é6v'/9) ~ gvI—1/a

TP(5v) ~ 0vXP),  x(p)=min(p.2 +1-1), q

Il
roleo
S
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A physically relevant model displaying non
pseudodiffusive Lagrangian velocity increments ’

log <8v>

Tog(1)

A difference in predictions for scale-dependent A VA oA
and scale-independent observables ’ A

A nontrivial prediction on moments of velocity
increments

|
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Direct Numerical Simulations

@ Resolution: 10242, 20482
@ 64000 particles
@ Over 150 runs

@ Pseudospectral code
employing hyperviscosity,
hyperdiffusivity, friction

@ Periodic boundary conditions

Simulations ran on Turbofarm?
cluster in Torino
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Turbulent two-particle dispersion |

Pair separation
R(t) = (Ix1(t) — x2(1)])

We expect two-particle dispersion to be
selfsimilar, just like the velocity field.
If 6,v ~ r":

1
v~ bt =t

So separation depends on h: ‘ PR
o inKa1 h=1/3 and A(t) ~ £3/2 A it
(Richardson, 1926)
@ inBO h=3/5and R(t) ~ t5/2
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Turbulent 2-particle dispersion |l

10
Indeed, the moment 1k

of order 2 scales as 01l
t5

0.01 +

R(t) ~ 57 0oL |

le-04 +

R%()

le-05 + =
= R2(t) ~ 1° J P
1e-06 . ‘
0.001 0.01 0.1
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