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Quasi-Static MHD Turbulence

MHD Equations:
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Anisotropic Joule dissipation

Always dissipative
Anisotropic: maximum for          , (k‖B)
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Introduction

Most fluid flows encountered in real life fall into the cate-
gory of turbulent flows. As such, they are characterised by
very complex motions that can be qualified as chaotic and
random. The prediction of the evolution of turbulent flows
is a complex but important task since these flows are es-
sential ingredients in many physical systems and industrial
applications.
Magnetohydrodynamics (MHD) is the branch of physics de-
voted to the study of the coupling between fluid dynamics
and electrodynamics. In this research, the focus is placed
on the modelling and prediction of the influence of applied
magnetic fields on the dynamics of conductive fluids. For
example, magnetic fields are used to control flow evolution
in the steel industry and the crystallization of semiconduc-
tor crystals. The interaction of liquid metals with magnetic
fields is also an essential question in the design of coolant
blankets for nuclear fusion reactors.
Although widely used in technological applications, the in-
teraction of conductive fluid flows with applied electromag-
netic fields in turbulent situations still cannot be predicted
in a satisfactory manner. Using modelling and simulation
techniques, our aim is to better understand the physical con-
sequences of this interaction.

Homogeneous MHD turbulence

Computing exactly the evolution of turbulent conductive
flows in cases of industrial interest (see above) is too chal-
lenging for even the most powerful supercomputers. It is
therefore necessary to develop modelling techniques and ap-
proximate methods to describe the interaction between the
fluid and the magnetic field. Here we study flows occurring
far from any solid boundaries in the hope to unveil universal
properties which are independent of the actual geometry of
the application considered.
The flows considered here are therefore homogeneous —
that is, every point in space displays the same physical prop-
erties (in a statistical sense). However, the presence of the
magnetic field, which has a fixed direction, generates an
anisotropy. This means that, at each point in space, some
of the flow properties depend on the orientation with respect
to the magnetic field.
During the past year, our efforts have been dedicated to the
quantification of this anisotropy in terms of the intensity of
the applied magnetic field. As an illustration, vorticity fields
computed from numerical simulation are presented in fig. 1.
The vorticity is a measure of the local rotational speed of
turbulent eddies within the flow. In the first plot (left), no
external magnetic field is present and the flow is therefore
isotropic (the eddies have no preferential directions). In the
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Figure 1: Contours of vorticity intensity from numerical
simulations; red stands for high intensity, blue for low
intensity. Left: no magnetic field; right: strong mag-
netic field. The black, curly lines indicate the typical
size and orientation of the vortices in the flow.

second plot, a strong magnetic field is applied in the vertical
direction. Notice how the average size of the eddies has
increased and how they are now almost completely aligned
with the direction of the magnetic field (vertical direction).
Using our numerical results, we are now analyzing how the
turbulent energy is transferred from one scale of the flow to
another and how this transfer is distributed according to the
angle with respect to the magnetic field.
Another fundamental question we are considering in the
framework of homogeneous turbulence is the transport of
a scalar quantity. This is crucial in many industrial applica-
tions. For example, the impurities (oxides) in molten steel
can be considered as passive scalars; in the semi-conductor
industry, dopants can also be viewed (to a first approxima-
tion) as passive scalars and their even distribution is very im-
portant to obtain a semi-conductor of high quality. Because
MHD turbulence is anisotropic, it is important to quantify
the impact of this anisotropy on scalar transport. Using our
numerical simulations of homogeneous MHD turbulence, we
are investigating this question in detail.

Development of a MHD module for the

CDP code

Within this project, we develop a numerical simulation
tool to compute conductive fluid flows in complex ge-
ometries, like those encountered in the industrial appli-
cations discussed earlier. This task has been undertaken
in partnership with the Center for Turbulence Research
(http://www.stanford.edu/group/ctr/) at Stanford Univer-
sity, and aims to extend the capabilities of their CDP code to
liquid-metal flows (through an MHD module). During the
first year of this EURYI Award, we have investigated the
structure of CDP in order to determine how to implement
the liquid-metal flow solver in the most appropriate way.
Then we started to develop the MHD module which has
been tested successfully in simple cases. In particular, the
correctness of the MHD module has been checked against
analytical solutions for different laminar flows.

Figure 2: Streamwise velocity of the laminar MHD flow
in a square duct with conducting Hartmann walls and
insulating side walls (Ha = 10). The flow is homo-
geneous in the x direction and the walls are located at
y = ±1, z = ±1. Left: contours of the streamwise veloc-
ity intensity as computed with CDP. Right: Comparison
between the analytical solution (solid line) and CDP nu-
merical solution (symbols), averaged in the (x, z) direc-
tions.

In fig. 2, the validation of the new flow solver is illustrated in
the case of a duct flow with conducting Hartmann walls (at
the top and bottom, perpendicular to the magnetic field)
and insulating side walls. In this particular case, two in-
tense side jets (in red) are formed close to the insulating
walls; their location and intensity are both predicted very
accurately as the comparison with analytical results shows.
The MHD module will be further developed in the coming
year and several challenging test cases will be considered
(high Hartmann numbers, turbulent regime...) in order to
assess its efficiency.

The Lorentz force velocimeter

Another objective of our project is to make use of the tools
developed for the design of actual industrial devices. Here,
we have started a collaboration with the Ilmenau Technical
University (http://www4.tu-ilmenau.de/mfd/index .html)
devoted to the study of Lorentz velocimeters.
Lorentz Force Velocimetry is a non-intrusive technique for
velocity measurements in conductive fluids. It consists in
exposing the fluid to a localised magnetic field whose inter-
action with the fluid leads to the appearance of a force. As
this force is proportional to the flow rate, its measurement
provides a determination of the flow velocity.
Using the MHD module developed for the CDP code, we
have recently performed a sensitivity analysis of the Lorentz
Force Flowmeter for a circular pipe and considering two
magnetic field configurations. For the regimes typically en-
countered in metallurgical applications, the main conclusion
of this study is that the flow rate measured by the flowmeter
is rather insensitive to: 1) the actual velocity profile observed
in the pipe; 2) the level of turbulence present in the flow.
An illustration of our simulation results is provided in fig.
3. In the future, several additional numerical simulations
will be performed for other magnetic field configurations in
order to optimize the efficiency of the flowmeter.

Figure 3: Contour of the Lorentz force intensity. The
sliced plane shows contours of the streamwise velocity
intensity.

Open source MHD solver

In order to make it possible to share our code developments
with the research community, we have decided to devote
some of our resources to the design of an open source MHD
solver. The purpose of this effort is to strengthen our current
collaborations by using a shared, license free software. We
also hope to create a research community around this code
so that a larger number of people can contribute to improve
its functionalities.
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Introduction

Most fluid flows encountered in real life fall into the cate-
gory of turbulent flows. As such, they are characterised by
very complex motions that can be qualified as chaotic and
random. The prediction of the evolution of turbulent flows
is a complex but important task since these flows are es-
sential ingredients in many physical systems and industrial
applications.
Magnetohydrodynamics (MHD) is the branch of physics de-
voted to the study of the coupling between fluid dynamics
and electrodynamics. In this research, the focus is placed
on the modelling and prediction of the influence of applied
magnetic fields on the dynamics of conductive fluids. For
example, magnetic fields are used to control flow evolution
in the steel industry and the crystallization of semiconduc-
tor crystals. The interaction of liquid metals with magnetic
fields is also an essential question in the design of coolant
blankets for nuclear fusion reactors.
Although widely used in technological applications, the in-
teraction of conductive fluid flows with applied electromag-
netic fields in turbulent situations still cannot be predicted
in a satisfactory manner. Using modelling and simulation
techniques, our aim is to better understand the physical con-
sequences of this interaction.

Homogeneous MHD turbulence

Computing exactly the evolution of turbulent conductive
flows in cases of industrial interest (see above) is too chal-
lenging for even the most powerful supercomputers. It is
therefore necessary to develop modelling techniques and ap-
proximate methods to describe the interaction between the
fluid and the magnetic field. Here we study flows occurring
far from any solid boundaries in the hope to unveil universal
properties which are independent of the actual geometry of
the application considered.
The flows considered here are therefore homogeneous —
that is, every point in space displays the same physical prop-
erties (in a statistical sense). However, the presence of the
magnetic field, which has a fixed direction, generates an
anisotropy. This means that, at each point in space, some
of the flow properties depend on the orientation with respect
to the magnetic field.
During the past year, our efforts have been dedicated to the
quantification of this anisotropy in terms of the intensity of
the applied magnetic field. As an illustration, vorticity fields
computed from numerical simulation are presented in fig. 1.
The vorticity is a measure of the local rotational speed of
turbulent eddies within the flow. In the first plot (left), no
external magnetic field is present and the flow is therefore
isotropic (the eddies have no preferential directions). In the

!B

Figure 1: Contours of vorticity intensity from numerical
simulations; red stands for high intensity, blue for low
intensity. Left: no magnetic field; right: strong mag-
netic field. The black, curly lines indicate the typical
size and orientation of the vortices in the flow.

second plot, a strong magnetic field is applied in the vertical
direction. Notice how the average size of the eddies has
increased and how they are now almost completely aligned
with the direction of the magnetic field (vertical direction).
Using our numerical results, we are now analyzing how the
turbulent energy is transferred from one scale of the flow to
another and how this transfer is distributed according to the
angle with respect to the magnetic field.
Another fundamental question we are considering in the
framework of homogeneous turbulence is the transport of
a scalar quantity. This is crucial in many industrial applica-
tions. For example, the impurities (oxides) in molten steel
can be considered as passive scalars; in the semi-conductor
industry, dopants can also be viewed (to a first approxima-
tion) as passive scalars and their even distribution is very im-
portant to obtain a semi-conductor of high quality. Because
MHD turbulence is anisotropic, it is important to quantify
the impact of this anisotropy on scalar transport. Using our
numerical simulations of homogeneous MHD turbulence, we
are investigating this question in detail.

Development of a MHD module for the

CDP code

Within this project, we develop a numerical simulation
tool to compute conductive fluid flows in complex ge-
ometries, like those encountered in the industrial appli-
cations discussed earlier. This task has been undertaken
in partnership with the Center for Turbulence Research
(http://www.stanford.edu/group/ctr/) at Stanford Univer-
sity, and aims to extend the capabilities of their CDP code to
liquid-metal flows (through an MHD module). During the
first year of this EURYI Award, we have investigated the
structure of CDP in order to determine how to implement
the liquid-metal flow solver in the most appropriate way.
Then we started to develop the MHD module which has
been tested successfully in simple cases. In particular, the
correctness of the MHD module has been checked against
analytical solutions for different laminar flows.

Figure 2: Streamwise velocity of the laminar MHD flow
in a square duct with conducting Hartmann walls and
insulating side walls (Ha = 10). The flow is homo-
geneous in the x direction and the walls are located at
y = ±1, z = ±1. Left: contours of the streamwise veloc-
ity intensity as computed with CDP. Right: Comparison
between the analytical solution (solid line) and CDP nu-
merical solution (symbols), averaged in the (x, z) direc-
tions.

In fig. 2, the validation of the new flow solver is illustrated in
the case of a duct flow with conducting Hartmann walls (at
the top and bottom, perpendicular to the magnetic field)
and insulating side walls. In this particular case, two in-
tense side jets (in red) are formed close to the insulating
walls; their location and intensity are both predicted very
accurately as the comparison with analytical results shows.
The MHD module will be further developed in the coming
year and several challenging test cases will be considered
(high Hartmann numbers, turbulent regime...) in order to
assess its efficiency.

The Lorentz force velocimeter

Another objective of our project is to make use of the tools
developed for the design of actual industrial devices. Here,
we have started a collaboration with the Ilmenau Technical
University (http://www4.tu-ilmenau.de/mfd/index .html)
devoted to the study of Lorentz velocimeters.
Lorentz Force Velocimetry is a non-intrusive technique for
velocity measurements in conductive fluids. It consists in
exposing the fluid to a localised magnetic field whose inter-
action with the fluid leads to the appearance of a force. As
this force is proportional to the flow rate, its measurement
provides a determination of the flow velocity.
Using the MHD module developed for the CDP code, we
have recently performed a sensitivity analysis of the Lorentz
Force Flowmeter for a circular pipe and considering two
magnetic field configurations. For the regimes typically en-
countered in metallurgical applications, the main conclusion
of this study is that the flow rate measured by the flowmeter
is rather insensitive to: 1) the actual velocity profile observed
in the pipe; 2) the level of turbulence present in the flow.
An illustration of our simulation results is provided in fig.
3. In the future, several additional numerical simulations
will be performed for other magnetic field configurations in
order to optimize the efficiency of the flowmeter.

Figure 3: Contour of the Lorentz force intensity. The
sliced plane shows contours of the streamwise velocity
intensity.

Open source MHD solver

In order to make it possible to share our code developments
with the research community, we have decided to devote
some of our resources to the design of an open source MHD
solver. The purpose of this effort is to strengthen our current
collaborations by using a shared, license free software. We
also hope to create a research community around this code
so that a larger number of people can contribute to improve
its functionalities.
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ψ = 0F̂i(k) = −σB2
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cos2(ψ)ûi(k)



Scale-by-scale kinetic energy (I)

Ex(k) = . . .

Ey(k) = . . .
E⊥(k) =

Ex(k) + Ey(k)
2

“Spherical averaging”
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Rii(r) = 〈ui(x)ui(x + r)〉

Ez(k) = E‖ =
1
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∫ π

0

∫ 2π

0
dφdψk2 sin(ψ)‖ûz(k,φ, ψ)‖2



Scale-by-scale kinetic energy (II)

“Plane averaging”

}

(experimental measure)

φ⊥(k⊥) =
φyy(k⊥) + φxx(k⊥)
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dkxdky‖ûz(kx, ky, kz)‖2

φyy(ky) = . . .

φxx(kx) = . . .



Kinetic energy distribution in spectral space
“Ring” averaging
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Energy transfers

F e(k) = T (k)− 2νk2E(k)− σB2
0

ρ
cos2(ψ)E(k)

∂tui + uj∂jui = −∂ip + ν∆ui −
σB2

0

ρ
∆−1∂z∂zui + F e

i

Momentum balance:

Energy balance (statistical equilibrium):

Energy
injection
(forcing)

Non-linear 
transfer

Molecular
dissipation

Joule 
dissipation

         represents the energy received by mode        from all the other 
modes.
T (k) û(k)



Energy transfers
“Ring” transfers

T (k) = klPjm(k)Re
{

iûj(k)
∫

û∗m(p)û∗l (k− p)dp
}
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Ring to ring transfers (I)

T (k) = klPjm(k)Re
{

iûj(k)
∫

û∗m(p)û∗l (k− p)dp
}
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Ring to ring transfers (III)
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Conclusions

• DNS of homogeneous MHD turbulence.

• 2D distribution of energy and transfer spectra.

• In MHD the transfer is not only radial but also 
angular.

• The angular and radial transfer have the same order of 
magnitude.


